-as
VU

t Matrix

tiplication

Ran Duan?
Hongxun Wu?#
Renfei Zhout

LIS,

Tsinghua University
2UC Berkeley

3 X5 +(4 x7

3 X6 +4 X8

8 multiplications

= 19

= 43

= 60



Fast Matrix Multiplication
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Fast Matrix Multiplication

Complexity. 0(n®).2<w <3

2.9
58 Group theoretical method
. [Cohn, Umans 03]
- [Cohn, Kleinberg, Szegedy, Umans 05]
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A Messy Storyline

Our work
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A Messy Storyline

Hashing
[Coppersmith,Winograd 90]
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[CW 90] [Ambainis, Filmus, Le Gall 14]
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A Messy Storyline

Hashing Merging o
[Coppersmith,Winograd 90] . [CW 90] [Ambainis, Filmus, Le Gall 14]

i

2/4/8/16/32-th Power
[CW 90][Stothers 10]
[Williams 13] [Le Gall 14]
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A Messy Storyline

Merging
[CW 90] [Ambainis, Filmus, Le Gall 14]
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Hashing
[Coppersmith,Winograd 90]
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2/4/8/16/32-th Power Refined Laser Method Our work
[CW 90][Stothers 10] [Alman, Williams 21]
[Williams 13] [Le Gall 14]
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A Messy Storyline

Merging
[CW 90] [Ambainis, Filmus, Le Gall 14]

W[ — [
=t = ) IR~

Hashing
[Coppersmith,Winograd 90]

(A

7

|
|
|
b,

|
I
|
\

L1 1/

q

Refined Laser Method Our work
[Alman, Williams 21]

2/4/8/16/32-th Power
[CW 90][Stothers 10]
[Williams 13] [Le Gall 14]
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Half tull or Half empty?

Good News:

This 1s the chance HA\!’F

for you to clean it

up! FULL




Half tull or Half empty?

Maybe there Is no
simple & fast & elegant
algo




Half tull or Half empty?

; Maybe there Is no
H‘\LF simple & fast & elegant

EMPTY eio0

Vassilevska Williams remembers a conversation she once had with

Strassen about this: “I asked him if he thinks you can get [exponent 2]

for matrix multiplication and he said, ‘no, no, no, no, no.””

“Matrix Multiplication Inches Closer to Mythic Goal”, Quanta Magazine



Our Plan

1. Tensor Formulation
2. CW Algorithm From scratch

3. Main idea of our improvement
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Tensor Formulation

Entry-wise Product

Fori=1..n
Ci(—ai°bi

Multilinear Polynomial

Formal Variables
X ={xq,%x5, .., Xn},

Y = {yl;yz; ""yn}'
Z ={21,Z9, ..., Zpn }.

Polynomial

n
p(x,y,z)= z XiYi Zj

1

i



Tensor Formulation

Multilinear Polynomial

Formal Variables
X ={xq,%x5, .., Xn},

Entry-wise Product

Fori=1..n

Ci < @i - b Y = {y1,¥2 - Yn}
Z =1{21,23, ..., Zn}-
Polynomial
n
HIRREEAEE p(y.2) = ) xiyi7
i=1
Task

Substitute x « a,y < b.
What is the univariate polynomial pg (2)?



Tensor Formulation

Matrix Multiplication
Fori=1..n

Forj=1..n
Fork=1..n
Cik < Cipta;; by

Multilinear Polynomial
Polynomial

Z Xi,jYjk Zik

i,j,k€[n]

Task

Substitute x < A,y < B.
What is the univariate polynomial pg (2)?




Two more operations

Inner Product “Inner Product”

Co < Co + a; - b; c; < a; - by




Tensor Product

[aliepn @ lalirem) = 1aiir]iiren
[b]ie[n] ® [b]i'e[n] - [bi,i’]i,i'e[n]

[C]ie[n] ® [C]i’e[n] - [Ci,i’]i,i’e[n]



Tensor Product

Example

Fori=1..n X Forj=1..n R Fork=1..n
¢, «a; - by Co < a; * b c, < ay * by



Tensor Product

Example

Fori=1..n X Forj=1..n R Fork=1..n
¢, «a; - by Co < a; * b c, < ay * by

Fori=1..n

For)j=1..n
Fork=1..n

Ciox t=a; ;0 " bk



Tensor Product

Example

Fori=1..n X Forj=1..n R Fork=1..n
¢, «a; - by Co < a; * b c, < ay * by

Fori=1..n

For)j=1..n
Fork=1..n

Cie t=a;; by



Fori=1..n

Tensor Product Fori=1..n
Fork=1..n
aijo *Dojk = Ciok

l E . o = E

o jH — O

J
® D ° Djkjj — Djkjj
i | — 1




Fori=1..n

Tensor Product Fori=1..n
Fork=1..n
aijo *Dojk = Ciok
E . o — E
o jH — O
J
® D ° Djkjj — Djkjj
I | — 1




Fori=1..n

Tensor Product Forj=1..n
Fork=1..n
aijo *Dojk = Ciok
E . o — E
o ’H — O
J
® D ° Djkjj — Djkjj
i | — 1




Fori=1..n

Tensor Product Fori=1..n
Fork=1..n
aijo *Dojk = Ciok

l H . o = H

o jH — O

j
I R
i | — 1




Matrix Multiplication = 3 Inner Products

H . O ~iH




Our Plan

1. Tensor Formulation
2. CW algorithm from scratch

3. Main idea of our improvement
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Intuition

Independent small matrix
multiplications gives you large
matrix multiplication

What If | have "economy of
scale?”

23 Yo
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Intultion

Matrix Multiplication = 3 Inner Products
-
11 ° H — 1

] e [ITT1 —  [IT1T]




Intultion




Intuition

Known: pgr = m

Task: Get 100 copies of m

N7




Intuition

Known: pgr = m
Task: Get 100 copies of m

(p+q+7r) =6m+--

23 Yo



Intuition

Known: pgr = m
Task: Get 100 copies of m



Intultion




(Small) Coppersmith Winograd Tensor

q

Tew = z XiViZo + XiYoZ; + XoY;Z;
i=1




(Small) Coppersmith Winograd Tensor

q
Tew = z XiViZoH XiYoZi + XoYiZ;
i=1

X L

z [ 1]




(Small) Coppersmith Winograd Tensor

q

Tew = z XiViZg + XoYiZ

=1




(Small) Coppersmith Winograd Tensor

q

Tew = z XiViZo + X;YoZ; +

=1




(Small) Coppersmith Winograd Tensor

q

Tew = Z XiYiZo t XiYoZi + XoYiZ;
i=1

T23" needs (q + 2)3n+tom
multiplications instead (3g)3™*°(™



Partition of the variables
Xo=1{x0}, Xy ={x1,%2 ., %}
0 1
X [ 11
y [ 1]

z [ 1]




Partition of the variables

XO — {xo}, Xl — {xl, X9, ...,xq}

0 1
~ q
X |\
’ | \ T110 = z XiYiZo
y (=1
14140




Partition of the variables

Xl — {xl, X9, ...,xq}

1

{11

Xo = {Xo}
0

X

Y

Z

S

[1/]

p—

o~
|
—

XoYiZi



Partition of the variables

Xo = {xo},

0

Xl — {xl, X9, ...,xq}

1




Partition of the variables

Xy = {x0}, X = {xl,xz, ...,xq}

T110’ T1011 T011

There is an (hyper)edge between X;,Y;,Z, onlyifi+j+k =2



Taking n-th power

Tc%n — (T110 + 1191 + To11) X
(T110 + 1701 To11) X
(T110 + 1701 To11) """

X [ 11 [ 11 [ ]
[ 11 ® [ ] ® 117 =
z [ 11 [ 1] [ 11




Taking n-th power

Tc%n — ‘ Ti91 + To11) &
(Ti1o —— To11) @
101

(Ti10+T




Taking n-th power

T(Xm — ’@_ T, .. +
R e —
101

(Tyi0 + T
0 1 0 1
x L B L1

y B & | L1
z B LITT] L1



Taking n-th power

Tc%n — ‘ Ti91 + To11) &
(Ti1o —— To11) @
101

(Ti10 + T _ ......
0 1 0 1 0 1
x [ L1 _pEEEN

y N ® BT [ e
z B LITT] L1 L1



Taking n-th power

Tc%n — ‘ Ti91 + To11) &
(Ti1o —— To11) @
101

(Ti10 + T _ ......
0 1 0 1 0 1
x [ L1 _pEEEN

y N ® BT [ e
z B LITT] L1 L1



Taking n-th power

Tc%n — ,'Tl 1+ To1) ®
o 1) ®
(TllO __ 011)

0 1 0 1 0 1
x [ _pEEEE L1
y [ ® [ QW
z B LITT] L1 L1



Conflict

Z011

Co11 = A110 * B1o1 T 4101 " B11o
Garbage output



In general



In general

There is an (hyper)edge only if i+ j+ k = 22222222 ---



In general

There is an (hyper)edge only if i+ j+ k = 22222222 ---



There is an (hyper)edge only if i+ j+ k = 22222222 ---



/Zero Out

X

il,iz,,...,in

Y.

]1:j2::---:jn

Zkl,kz,,...,kn

There is an (hyper)edge only if i+ j+ k = 22222222 ---



Strassen's Laser Method

Main idea: Take a cheap tensor T. Show that it is useful for MM.

Cheap. There is a non-trivial algorithm
for T.

Useful. By zeroing-out variables of T,
turn It into a disjoint union of
MM tensors.
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Strassen's Laser Method

Main idea: Take a cheap tensor T. Show that it is useful for MM.

Cheap. There is a non-trivial algorithm
for T.

Useful. By zeroing-out variables of T,
turn it into a disjoint union of
MM tensors.




Hashing
[Coppersmith,Winograd 90]

G
X insoin hy (i) € [0,p)
Y jonrin @ ——— hy(j) €10,p)
AP hz(k) € [0,p)

There is an (hyper)edge only if hx(i) + h;(k) = 2hy(j)



I[-(IIEiJSS|ior::|3rsmith,Winograd 90] hX (l) — <W’ l> mOd p
hz(k) = ((w, k) + b) mod p

L\/)Jiik\/)!:k /\J hy () = ({w,222--—j)+ b)/2 mod p
Xisinyin hy (i) € [0, p)
Yijorrin @ ——— hy(j) €[0,p)
AP hz(k) € [0,p)

There is an (hyper)edge only if hx(i) + hy(k) = 2hy(j)




* Throw nodes into p buckets.




Hashing o :
Conporsmith.Winograd 801 Throw nodes into p buckets.

Pick p so that each node has
degree 1 within its bucket.




Hashing
[Coppersmith,Winograd 90]

(A

/o\
k,\z n |

* Triples we want
* Interfering cross terms




Hashing :
[Coppersmith,Winograd 90] ° TrlpIeS we want




Hashing ° _ :
Coppemsmith Winograd 90] Take a Salem-Spencer set of size

p1=°(D) Zero-out the rest.

Salem-Spencer Set: A subset of [p — 1] that
has no arithmetic progressions.




' F~t1 ' Merging
Som_etl_rnes COﬂﬂlCtlng matrix [CW 90] [Ambainis, Filmus, Le Gall 14]
multiplications could be all B0 — o =
kept S L =
—~ e
o> —
x
b _ ¢ _
H
o > - P —




Hashing

[Coppersmith,Winograd 90]

Randomness destroy structure.

Merging

[CW 90] [Ambainis, Filmus, Le Gall 14]

o [ — [

O 0 — N

.
—~ [




Xil,iz,;---;in Xl1+l2,l3+l4, ,ln 1+ln
Y. . . V. ... . :
J1J2n-]n E Y]1+]2»]3+]4»---»1n—1+1n
Zkl;kz;;---)kn Zk1+k2,k3+k4,...,kn_1+kn

2/4/8/16/32-th Power
[CW 90][Stothers 10]
[Williams 13] [Le Gall 14]

e

L




Xil,iz,;---;in Xl1+l2,l3+l4, ,ln 1+ln
Y. . . V. ... . :
J1J2n-]n E Y]1+]2»]3+]4»---»1n—1+1n
Zkl;kz;;---)kn Zk1+k2,k3+k4,...,kn_1+kn

~

There 1s an (hyper)edge Iff i

2/4/8/16/32-th Power
[CW 90][Stothers 10]
[Williams 13] [Le Gall 14]

e

L

~
[ ]

-k = 44444444 ...

] —



Xilin,nin Xi tiniatig,in_1+in
Y. . . V. ... . :
J1J2n-]n E Y]1+]2»]3+]4»---»]n—1+]n
Zkl;kz;;---;k’n Zk1+k2,k3+k4,...,kn_1+kn

There is an (hyper)edge iff i -

2/4/8/16/32-th Power
[CW 90][Stothers 10]

-k = 44444444 ...

_] —

[Williams 13] [Le Gall 14] o




* Apply Hashing and zeroing out.

Hashing
[Coppersmith,Winograd 90]

/]

2/4/8/16/32-th Power
[CW 90][Stothers 10]
[Williams 13] [Le Gall 14]




* Apply Hashing and zeroing out.

Hashing
[Coppersmith,Winograd 90]

2/4/8/16/32-th Power
[CW 90][Stothers 10]
[Williams 13] [Le Gall 14]




* Apply Hashing and zeroing out.

 Within each triple the structure Is
preserved.

2/4/8/16/32-th Power
[CW 90][Stothers 10]
[Williams 13] [Le Gall 14]




Merging

* Apply Hashing and zeroing out. [CW 90] [Ambainis, Filmus, Le Gall 14]
o= [ — [] N
L | | = — 5
« Within each triple the structure is e 0 —E E;(

preserved. R
* Apply merging.

2/4/8/16/32-th Power
[CW 90][Stothers 10]
[Williams 13] [Le Gall 14]

E




Correlated Zero-out

* In higher order, sometimes,
arithmetic-progression based
zeroing-out fails.

Refined Laser Method
[Alman, Williams 21]

I

p vs p’



Correlated Zero-out

* |If independently zero out each
vertex w.p. 1 — p.
* Each triple is kept w.p. p>.

Refined Laser Method
[Alman, Williams 21]

I

p vs p’



Correlated Zero-out

* |If independently zero out each
vertex w.p. 1 — p.
* Each triple is kept w.p. p°>.

Refined Laser Method
[Alman, Williams 21]

I

p vs p’



Correlated Zero-out

* |f we use same randomness for
every desired triple.

* Each desired triple I1s kept w.p. p.

* Each cross term is kept w.p. p>

Refined Laser Method
[Alman, Williams 21]

I

p vs p’



Correlated Zero-out

* |f we use same randomness for
every desired triple.
* Each desired triple I1s kept w.p. p.
* Each cross term is kept w.p. p>

3
p VS p Refined Laser Method
[Alman, Williams 21]

I

p vs p’



Our Plan

1. Tensor Formulation
2. CW Algorithm From scratch

3. Main idea of our improvement



Combination Loss

<\

112--- YllO-"

Our work

1

* Structure depends on the matching.



Combination Loss

Zyo7...

Our work

£

* Structure depends on the matching.



Combination Loss

X112...

Zyo7...

Our work

£

* Structure depends on the matching.
* |dea: Match each Z multiple times



FiIxing holes

X112...

Zyo7...

Our work

£

e Still there could be a small number
of conflicts.



FiIxing holes

X112...

Zyo7...

Our work

£

 Still there could be a small number
of conflicts. (fix: zero-out)



Fix|
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NN
N
NN
NN

NN
NANN
NN
NANN

MONN
MANNN
NANN
NN

[Karppa, Kaski 19] Random shuffling

Fixing holes : Shuffle

N
NNNN
NNNN
RN

R
NN
NANN
NANN

WM
NN
DANN
NNNN

NNEN
TR
ENEN
NANN

WNEN
SRR
ENN\E
NENN

N ENW
NNHE
B NN




Fixing holes : Glue together

DRNN
NN

MONN
NI

NANN
NN

N NN

NNNN
NRMRER

MAINN
NN

NN
MR

NNEN
NANN

ENNN
AN AN W

N ENW

N\H
ENNN




Fixing holes : Glue together

AN

NNNW

NN
NANN

NN * AVN — RN
M NN DN




ake-away

Merging
[CW 90] [Ambainis, Filmus, Le Gall 14]

Wx 0 — [
=t = IR

Hashing
[Coppersmith,Winograd 90]

(A

7

L1 1/
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q

|
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|
\

Refined Laser Method Our work
[Alman, Williams 21]

|

pvs p’

2/4/8/16/32-th Power
[CW 90][Stothers 10]
[Williams 13] [Le Gall 14]




Future Directions

Hashing Merging o
[Coppersmith,Winograd 90] s [CW 90] [Ambainis, Filmus, Le Gall 14]
S * — | N
L] * — X
RS | | v,
\ I L * —
\ 711 T\
~) k ) L ...... u

* Can we resolve such conflict iIn some other way?
(Merging cannot prove w < 2.3078 [Ambanis, Filmus, Le Gall 14] )

* A better tensor than Tey,?
(Tcyw Cannot prove w < 2.16805
[Alman 19][Christandl, Vrana, Zuiddam 19] )



Thanks!



